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14. Hafta

Faz dagihimlar ve Faz tipi kuyruk modelleri

Ustel dagilim kuyruk modellerinde ¢ok yaygin olarak kullanilmaktadir. Bunun nedeni iistel dagilimin
belleksizlik 6zelliginden kaynakli matematiksel ¢oziilebilirligidir. Ancak tistel dagilimin tek basina
yetersiz kaldigi siiregleri modellemek i¢in daha genel dagilimlara ihtiyag duyulmaktadir. Bu baglamda
faz tipi (ya da asamali) dagilimlar karsimiza ¢ikar. Faz tipi dagilimlar, bir dizi ardisik dagilimdan

olusurlar.
Erlang—2 Dagilimm

Alinan hizmet tistel dagiliml ardisik iki faz ile veriliyor. Erlang—2 dagilimini su 6rnek ile agiklayalim:
iki fazdan (asamadan) olusan bir sozlii sinavda aday once 1.fazda simava alinir ve daha sonra 2.faza
geger ve simav tamamlanmis olur. Ancak burada bir adayin sinavi tamamlanmadan bir baska aday

siava alinamaz, yani ayn1 anda iki aday sinavda bulunamaz.

Her bir fazdaki hizmet siiresi Y ~exp(u) olmak iizere, hizmet tesisi asagidaki gibidir.

Y’nin olasilik yogunluk fonksiyonu,

fr(y) =pe ™, y20

ve toplam hizmet siiresi X = Y + Y olsun. Bu durumda iki bagimsiz tesadiifi degiskenin konviiliisyon

formiiliinden,
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Burada X~Erlang(2, u) veya X~E, ile gosterilir. X in dagilim fonksiyonu da,

1 X — 00
FX(x)={1—e‘“x(1+ux), x>0
0 x <0

Laplace Doniisiimii
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Beklenen Deger ve Varyans

Ly(s) = (ﬁ)z

Beklenen deger ve k —inc1 mertebeden yiliksek momentler Laplace doniisiimii yardimiyla,



E(X) d Lx(s) :
= -_—— S [ —
ds X s=0 U
5 d? U+ 2
E(X?) = _FLX(S) =
s=0

Var(X) = E(X?) — [E(X)]?

Hipo-iistel Dagilim

Erlang—2 dagiliminda her fazin ayni olan ortalama u parametresini birbirlerinden farkli olacak sekilde
U1 Ve u, olarak degistirirsek Hipo-tistel dagilim elde edilmis olur. Yani i —inci fazin istel ortalama
hizmet siiresi y; olacaktir. Sekil 2 ile gosterilen bu yeni dagilima hipo-iistel dagilim denir.

— S o >

[k énce iistel dagilimli iki fazin oldugu durumu goz 6niine alalim. Y; ve Y,, parametreleri sirasi ile
Uy ve U, olan istel dagiliml iki tesadiifi degisken ve bunlarin olasilik yogunluk fonksiyonlari da

sirasiyla,
Fr,(y) = me ™", y 20,
Fy,(y) = ppe™27, y 20
olsunlar. X =Y; + Y, olsun. Burada X~Hyp, ile gosterilir.

Bu taktirde iki iistel dagilimin konviiliisyon formiiliinden X tesadiifi degiskenin olasilik yogunluk
fonksiyonu,

mm=fmwmuﬂwy



X
— J.ule_ulyuze_yl(x_y)dy
0

X
:,ULUZB_#foe_(#l_“Z)ydy
0

Ui lr
Uy — Uz

(e_ﬂzx — e_ﬂlx)' x = 0.

olarak bulunur. Dagilim fonksiyonu da,

1, X =

Fy(x) =< 1— R R e ¥, x>0
Hy — Ug Hp — Ug

0, x <0

Laplace doniisiimdi ise,
Lx(s) = E(e™™) = E(e ™)E(e™?)
olup, beklenen deger ve de varyans

1 1 1 1
EX)=—+—, VaT(X)=—2+—2
Ui Uz 251 Uz

bulunur.

Ornek. Bir X tesadiifi degiskenin, parametreleri sirasiyla y; = 1 ve p, = 2 olan ardisik iki tane iistel
fazdan olustugunu kabul edelim. Bu taktirde X’in olasilik fonksiyonunu, beklenen degerini ve
varyansini bulalim.

Coziim. X’in beklenen degeri, her fazin beklenen degerlerinin toplamina esittir ve ayrica her ti¢ faz da
bagimsiz oldugundan varyans ta ayr1 ayr1 varyanslarin toplamina esittir. Boylece,

E(X) =i

i=1
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Boylece olasilik fonksiyonu asagidaki gibi elde edilir:

fx(x) = =2(e™* —e™)

=2(e™* —e %), x>0



Hiper-Ustel Dagilhim

Hiper-iistel dagilimi asagida verilen sekil tizerinde anlatalim. Sekilde goriildiigii tizere, a; olasilikla {ist
faz, a, = 1 — a, olasilikla ile alttaki faz segilir.

Bir hizmet tesisinin bu dagilim ile modellendigini diisiinelim. Bu taktirde hizmet tesisine gelen bir
miisteri a; olasilikla p; parametreli iistel dagilima sahip fazdan hizmetini alacak ve tesisten ayrilacak
ya da a, olasilikla u, parametreli iistel dagilima sahip fazdan hizmetini alacak ve tesisten ayrilacaktir.
Ayni anda hizmet tesisinde birden fazla miisteri hizmet alamaz. Yani her iki faz ayni anda hizmet

Veremez.

Herhangi bir miisterinin hizmet siiresini X tesadiifi degigkeni ile gosterelim. X~H, ile gosterilir ve

X’1n olasilik yogunluk fonksiyonu
fx(X) = aype™* + aypupeH, x =0
dir. Dagilim fonksiyonu ise agsagidaki gibi bulunur,
Fx(x) = a1 (1 — e M%) + a,(1 — e #2%), x = 0.
Laplace doniisiimii,

251 |2%)
+ a,
S+ S+ U

Ly(s) = ay

Beklenen Deger ve Varyans

a; « 2a 2a
EX)=—+-2 ve E(X?) ="—+ —2,

2 2

u U1 U2

1 M2
Var(X) = E(X?) — [E(X)]?
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Ornek. X, parametreleri a; = 0,4, 4, = 2 ve u, = 1/2 olan iki-fazli bir tesadiifi degisken olsun. X’in
beklenen degerini ve de standart sapmasini hesaplayalim.

Coziim. iki-fazh tesadiifi degiskenin ilgili formiillerinden direkt olarak,

E(X) = AN E(?) =2 4 12
2 05 4 025

=5,

oy =+/5— (1,4)2 = /3,04 = 1,7436
olarak hesaplanir.
Coxian Dagilim

Bu dagilimda fazlar birbirlerini takip eden tandem fazlar olarak ve herhangi bir fazda hizmet aldiktan
sonra hizmet tesisinden ayrilmaya miisaade edecek sekilde diizenlenebilirler. Boylece, herhangi bir i
fazinda alinan hizmetten sonra miisteri ; olasilikla (i + 1) —inci faza devam edecek ya da (1 — «;)
olasilikla hizmet tesisinden ayrilacaktir. Bu durum iki fazli Coxian dagilimi icin asagida
gosterilmistir.

— s m b b—a—>

Coxian tesadiifi degiskeni X ~C, ile gosterilir.
Laplace Doéniistimii

251 251 Uz
+a .
S+ S+ USs+ Uy

Ly(s)=(1-a)

Beklenen Deger ve Varyans

1 1 + a
EX)=—+a—=22""1
251 Uz 125025}
) 2 2a 2a
E(X ) == —2 + —2 + .
251 Uz Uila

2 2a 2a 1 a\?
Var(X)=<—2+—2+ >—(—+—>
Uy Uz Ui lr U Uz



Ornek. Parametreleri p; = 2,1, = 0,5 ve a = 0,25 olarak verilen bir Cox—2 tesadiifi degiskenin
beklenen degerini, ikinci momentini ve varyansini bulunuz.

Coziim.
1 a
EX)=—+—=
Ui U
2 2a 2a
E(XZ) = —2+—2
251 Uz

Uity

1 1/4

—+ =1,

2 1/2

_2+1/2 1/2
4 1/4 1 7

Var(X) = E(X?) — [E(X)]? =3 —1 = 2

Coxian dagilimiyla ilgili asagidaki su sonuclar elde edilir:

1. a = 0 alinirsa iistel dagilima doner.

2. «a = 1 aliirsa hipo-tistel dagilima doniistir.

3. a=1, u; = u, alinrsa Erlang dagilimina doniistir.
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1. Introduction

The queueing systems with phase-type are one of the
important part of the queueing theory. It is possible to
construct phase-type distributions that are a mixture of
hypoexponential and hyperexponential distributions to
obtain increasingly complex representations. With the
introduction of the mathematically expedient notion of
“complex probabilities” and “complex rates,” [1] showed
how any distribution having a rational Laplace transform
could be represented by a sequence of exponential phases.
The sequence of phase could be arranged one after the

other in series formation, with the provision of permitting
termination after the completion of any phase, explained in
[2]. Another large subset of Coxian distributions is the
phase-type distribution introduced by [3], which can be
considered to be a natural probabilistic generalization of
the Erlang, given in [4]. In [5], equilibrium state
distributions were determined for queues with load-
dependent Poisson arrivals and service time distributions
representable by Cox's generalized method of stages. The
solution was obtained by identifying a birth-death process
that has the same equilibrium state distribution as the
original queue. In [6], the optimal ordering of the
tandem server with two stage is given. In [7], Optimal



sample size is obtained depending on the probabilities of
type 1 and type 2 errors in a queueing system with two
channel in which service time has Coxian distribution and
arrivals are Poisson distribution. In this paper we have
obtained steady state equation systems of a Coxian
queueing model with two phases where the arrivals to this
model are according to the exponential distribution with A
parameter . We have obtained state probabilities of the
system with respect to a at any given t moment. The
optimal values of loss probability and the mean customer
number in the system are found. Furthermore, loss
probability by changing the service parameters are
obtained for optimal ordering of phases. In this system if
@ =1 and u, = pu,taken then M/E;/1/ 0 queueing model
is obtained. Also for a = 1 it is shown that service time of
a customer is according to hypoexponential. If a =0 is
taken we have M/ M /1/ 0 queueing system. In addition an
application of this queueing model is given

2. Stochastic Model

We have obtained stochastic equation systems of a Coxian
queueing model with two phases where the incomes to this
model are according to the exponential distribution with A
parameter . The service time of any customer at phases i
(i = 1,2) is exponential with parameter u;. First phase and
second phase can be empty or busy but in this system it is
not allowed to be two customers in a phase at the same
time. Let &, be the state of first phase and 7, be the state
of second phase at any t moment. We have obtained the
state probabilities with respect to a at any given t moment.
Limit probabilities, differential and difference equations of
this model given later.

2.1. LimitDistribution

Here {(&;,n.),t =0} is a 2 - dimensional Markov chain
with continuous parameter and state space

Q= {(0,0),(0,1), (1,0))}.
P;j(t) =Prob{¢, = i,n, = j}.v(i,j) €Q €Y

Kolmogorov differential equation for these probabilities is
obtained. The transient probabilities of the process
{(&:,me), t = 0} is found for (¢, t + h), namely

Poo(t +h) = (1= Ah + 0(h))Pyo(t)
+(1- a)(ulh + o(h))Plo(t) +

(H2h + 0(R))Pos (O)+ o(h) @)

Poy(t + 1) = (1 — pph + 0(h))Py; (£)
+ a(ulh + o(h))Pw(t) + o(h) 3)

Pio(t+h) = (1 —wh+ O(h))Pw(t)
+ (Ah + 0(R))Pyo () + o(h) (4)

We write (2), (3) and (4) equations as follows as h — 0,

Pyo(t) = —APyo(t) + (1 — @)y Pio(t) + upPoq () (5)
Py1(t) = —ppPyq () + apy Pro(t) (6)
Pio(t) = —p Py (t) + APy (t) 7

It is supposed that limiting distribution of P;;(t) are exist
as followings:

}:i_r;gpij ) =m; (8)
Limiting distribution has been widely given in [8].

Steady- state equations for {(¢.,1.),t = 0} are obtained as
following:

0= —Amy + (1 — @)y Ty0 + 700y (10)

0 = =gy + apy Ty (11)

0 = —pymy9 + Ao (12)
(L.j)eq

We define p;, =41/, and p, = 1/u,. If the equations
(10), (11) and (12) are solved, the following transient
probabilities are obtained:

o1 = AP2TTo (14)

T10 = P1To0 (15)
If the obtained transient probabilities and myqare put in the
equation (13),
Too(1+py +apy) =1
1
T 1+4p +ap,

(16)

(17)

Too

is found. my,andm,, probabilities are calculated if the
equation (17) is put in (14) and (15).

2.2. Probability Function

We define p; = A/, and p, = A/u,. If we shall solve
(10), (11) and (12) equations under condition (13), we
obtain the following two dimension probability function:

1

- . . ) " ] = 0! 0

oo @)=00

_ P> . G,)=(0,1)

Ti; =414 p + pra (18)

P1 .,

- . . ) ) = 110

o D=0
0, otherwise.

Let m, be the probability of being no customer in system
and 7, to be the probability of being one customer in the
system. Where,

My = Moo, M1 = Moy + Mo

(19)



3. Obtaining the Measures of
Performance

3.1. Coxian Queue Using z-Transform

The z-transform of a sequence my, k = 0,1, ..., is defined
as

P(z) = YXi-o m,z",

Where z is complex variable and is such that P(z) is
analytic i.e., Yoo mrz" < 00,in[2].

(20)

P(z) =my +myz

_1+(p+p)z

21
1+p; +poa @

Let N be the random variable that describes the number of
customers in the system.The mean number of costumers:

p1t P

d
E[N] =—P = 22
N] =— (Z)Z:1 T+ p 4 pya (22)
Second and higher moments may be computed from
correspondingly higher derivatives. The k" derivative of
the z —transform evaluated at z = 1 gives the k" factorial

moment:

lim P®() =EINN-1)..(N—k+1)]. (23)
Thus,
Var(N) = E(IN(N + 1)] + E[N] — E%[N])
P1 ¥ Pa (24)

(L4 py +ppa)?
3.2. Coxian Queue Using Laplace Transform

Let W be the random variable that describes waiting
time of customers in the system. Laplace transform of W

1 -a)u,
My ts

ap,  Hp
M t+Sp; +s

Ly(s) = (25)

Mean waiting time in system of a customerfor Cox(2) is
found by formula (20).

_.Uz+al11_

EWwl = Hilk 26)

By using the formula (19) are also obtained other
moments. For example,

B+ag-a)

Var[W] =
[T

27

3.3. The Optimization of Measures of Performance

Theorem 1.E[N] is maximum for a = 1.
Proof. . We can rewrite equation (22) as following:

1 1

+—" 0<acx<1
p1t+ prax

(28)

The minimum value of 1/E[N] is the maximum value
of E[N]. 1/E[N]is minimum for « = 1. In other words,the
mean number of costumers is maximum with probability
a=1.

+
max E[N] = 1" P2 . (29)
O0sas<1 1 + pl + p2
Loss probability

Let IT;,ss be the loss probability of customer in the
system. In this regards, since there is no queue in the
system,loss probability is calculated as following

Iyp5s = To1 + 19 =1 =g (30)
Mo =1 (30)
1+ p1+p2a
3.4. Optimal Order of Servers
Considering0 < a <1, lety; denotes the service

parameter of the first phase and the second phase andu,
denotes theservice parameter of second phase. Indication of
loss probabilities and measure of performance for y; > u,
are illustrated with . Similarly indication of loss
probabilities and measure of performance for y; < u, are
illustrated with @,

By using the formula (24), we write nY and N2, as

loss loss
follows:
1€)) p1t pa
= 31
O 14 py+ paa GV
@ _ _P2tpa (32)
055" T4 p, + pra

The following theorem is given for optimal ordering.

Theorem 2. In this system, if the parameter of the first
phase greater than the parameter of the second phase,

D @
l_[loss = I—[loss' (33)
PrOOf.Hz < Hq (34)

This inequalityisrewritten as following

1 1 35)
M1 M2
pL < P (36)
pr(1-a) < p(1-a) (37)
prtpa = p;tpa (38)
1 1

< (39)

Pzt prx ptpra

arrival



arrivals

1 1
<

14— < 1+—— (40)
p2 + pra p1t paa

1+p+pral™  [1+p,+pal

[ P1 Pz] S[ P2 Pl] (41)
p1tpra p2tpra

3.5. Queueing models derived from M/Cox(2)/1/ 0

The M/Cox(2)/1/ 0 stochastic model is illustrated in
figurel.

arrivals

Figure 1.Coxianqueueing model with two phases.

In M/Cox(2) /1/ 0 stochastic model if a =1 and p; =y,
chosen then M / E, / 1/ 0 queueing system is obtained and
this system is illustrated in figure 2.

departure

Figure 2. M/ E, / 1/ 0 queueing model.

In M/Cox(2)/1/ 0 queueing model if @ = 1 and p;#u,
then M /Hyp(2)/1/0 is obtained and this queueing
model is illustrated in figure 3

5

Figure 3. The. M /Hyp( 2) / 1/ 0 queuing model.

Finally the M/Cox(2)/1/0 model turns into the system
M/M/1/0 for a = 0 and this system is illustrated in
figure4.

' 0D
'w departure g

arrivals

departures

Figure 4.The M/M /1/0 queueing model.

As illustrated above, 3 different queueing models derived
from M /Cox(2)/1/ 0 system. There is no waiting at all
these queueing models.

4. Numerical Example

In an interview consists of two juries, the arrivals of the
candidates are according to Poisson stream with the
parameter A = 2,3, no waiting allowed and the service
parameters are p, =52 and u, = 3,2 respectively
according to Coxian distribution. For different values of «,
" 5s probabilities and measure of performances are
valculated and given in Table 1. When the juries’ places in
interview are changed (changing the parameters places)
loss probabilities and measureof performances are
calculated as well in Table 2. Assuming that
Uy = Uy, = 4,2, loss probabilities and measure of
performances are obtained in Table 3.

Table 1.For A =23, uy =52, pu, =3,2.

a [l Max{E(N)} Var®(N) EPW) Var®W)
00 07278 0,513 0,201 0,172 0,029
04 0395 0,513 0,239 0,291 0,087
0,6 0,440 0,513 0,246 0,351 0,104
1,0 0513 0,513 0,250 0,470 0,119
Table 2.For A =23, uy =32, 4, =5,2.
a 0%  Max(EN)} Var®(N) E®W) Var®w)
0,0 0,401 0,513 0,240 0,299 0,089
04 0451 0,513 0,248 0,367 0,108
0,6 0474 0,513 0,249 0,402 0,114
1,0 0513 0,513 0,250 0,470 0,119
Table 3.For A =23, u, =p, =4,2.
a I, Max{E(N)} Var(N) E(W) Var(W)
00 0353 0.522 0.228 0.238 0.056
04 0433 0.522 0.245 0.333 0.092
06  0.466 0.522 0.248 0.380 0.104
1,0 0522 0.522 0.249 0.476 0.113
5.Conclusion
By analyzing this system, limit probabilities and

probability mass function are obtained using generating
function. The mean number of customer in the system and
the loss probability of any customer are calculated. The
optimization of the mean number of customer in the system
is proved by Theorem 1: For both ordering, the optimal
mean customer number in the system which is Max{E(N)}
is found to be the same value. The optimal ordering of
phases for service parameters is found. It is observed that
the first order is optimal according to measures of
performances. The variance and Laplace transform of mean



waiting time of a customer in system are given: As the
mean service time is minimum for a = 0, variance of
service time is minimum for @ = 1. A numerical example
is given on the subject. Furthermore it is shown that this
analyzed system turns into different queueing systems
when concerning the probability of customer’s leaving the
system and service parameters are same or different. The
system M /Cox(2)/1/0 fora =1and p; = p, turns
into the system M/ E, / 0 : This situation is numerically
shown. The system M [Cox(2)/ 1/ 0 for ¢ =1 and
W, U turns into the system M /Hyp( 2)/ 1, in other words
service time has hypo-exponential distribution and this
situation is numerically shown. The system M / Cox(2)/ 1/0
for a« = Oturns into the system M/ M [/ 1/ 0: Thus
situations are numerically shown. For a < 1, depending
on the order it is clear that mean waiting time, the variance
of waiting time and the variance of customer number in the
system is less in first order. For later studies, increasing the
number of phases may be advisable.
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